This paper presents an investigation into Elastohydrodynamic (EHL) modeling of differential hypoid gears that can be used in coupling with Newtonian (or multibody) dynamics to study Noise, Vibration and Harshness (NVH) phenomena, such as axle whine. The latter is a noise of a tonal nature, emitted from differential axles, characterised by the gear meshing frequency and its multiples. It appears at a variety of operating conditions; during drive and coasting, high and low torque loading. Key design targets for differential hypoid gears are improved efficiency and reduced vibration, which depend critically on the formation of an EHL lubricant film. The stiffness and damping of the oil film and friction generated in the contact can have important effects and cannot be neglected when examining the NVH behaviour of hypoid gears. The operating conditions in hypoid gears are usually characterized by high load, relatively low speeds, angled flow and elliptical contact footprint of high aspect ratio. Some extrapolated/empirical equations to estimate friction and film thickness have been reported for moderate loads. However, their use in hypoid gears is questionable. Additionally, the majority of reported numerical models for film thickness and friction have not been applied under such operating conditions. In this paper a numerical model of EHL elliptical point contact has been presented to obtain the EHL film behaviour under the usual range of operating conditions of hypoid gears. Realistic engine torque-speed characteristics are used. For these conditions, the load share per teeth pair contact is in the region of 500-6000N. A suitable method of solution is applied to ease the convergence of the numerical method, namely the distributed line low relaxation effective influence Newton-Raphson method. As the result of the angled direction of the entraining flow in the contact of hypoid gear teeth pairs, this method has been found to be suitable, thus adopted. The geometric and kinematic input data for EHL calculations are calculated using Tooth Contact Analysis (TCA).
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INTRODUCTION
NVH of automotive gears is considered as an important quality issue, which can be perceived by vehicle occupants regardless of their levels of driving experience. Such problems tend to appear at the final stages of vehicle development, usually requiring cost intensive palliation. Consequently, there is a great need to provide powertrain designers with powerful simulation tools which would enable them to predict NVH issues and track the key parameters numerically or analytically in the earlier stages of prototype development. A common cause behind gear noise is the fluctuations of transmission input speed, because of the engine torque variations (the combustion process and inertial imbalance introducing engine order vibrations [1] ). These fluctuations initiate vibrations within the growling-sound frequency range. A number of publications have been reported on the dynamics of parallel axis transmissions, such as that by Ozguven et al. [2] . However, a relatively small number of investigations can be found on the dynamics of non-parallel axis gears (such as hypoid and bevel gears) because of the complexity of gear kinematics and meshing characteristics. Remmers [3] studied the mass-elastic model of rear axle gears with infinite mesh stiffness to predict the pinion resonance. Donley et al. [4] developed a dynamic model of a hypoid gear for use in finite element analysis of gearing systems. A review of the various gear mechanical models has been given by Ozguven and Houser [5] , identifying the main issues affecting the simulation of transmission systems. The main source underlying the appearance of the axle whine lies in the gear meshing process and design characteristics (static transmission error), affecting the teeth mesh stiffness variation. Whine noise is also highly affected by the elasticity of pinion/crown gears as well as any (angular) misalignments. Gear impacting surfaces act as lubricated conjunctions rather than the usually reported dry impacting solids. Rahnejat [6] has used the equivalent meshing stiffness of elastic bodies and the film thickness in elastohydrodynamic contacts. Theodossiades et al. [7] have used a hydrodynamic lubrication model for modeling of gear rattle problem at light and under hydrodynamic regime of lubrication. The hypoid gear teeth pairs form elliptical contact footprints and are often subject to high loads of the order of several kN.
Studies of elliptical point contacts commenced after the pioneering paper on elastohydrodynamic lubrication (EHL) by Grubin [8] , based on his work with Ertel [9] . Grubin ignored the side leakage from the contact, requiring a correction factor which has been described by Gohar [10] . Numerical work on EHL was first undertaken by Dowson and Higginson [11] . The volume of simulation results undertaken ever since has yielded extrapolated oil film thickness formulae. The early contributions include those of Hamrock and Dowson [12] . There are a number of shortcomings associated with these formulae. Firstly, the range of operating parameters used (such as load and speed based on the original simulated results) is somewhat limited due to difficulties in computation resources and stability of formulation method and solution at the time. Secondly, the earlier analyses excluded certain salient practical features, such as inlet boundary starvation/lubricant flow at an angle to the elliptical contact footprint, all of which are essential for estimation of the lubricant film thickness in hypoid gear teeth pair contacts. With regard to the directional lubricant flow into an elliptical point contact conjunction, Mostofi and Gohar [13] provided numerical predictions, as well as extrapolated film thickness equations for both the central flat and the minimum exit constriction films.
In gear applications and especially in hypoid gears, it is necessary to compute the principal radii of curvature of the pinion and gear wheel teeth through mesh. One method of achieving this is by employing tooth contact analysis (TCA). The method is outlined in detail by Litvin and Fuentes [14] . The current work uses TCA (based on the approach of Mohammadpour et al. [15] ). This is to obtain the instantaneous contact geometry, sliding velocity and load share per teeth pair for simultaneous meshing of 1-3 pairs of teeth in a hypoid gear pair of a light truck differential. These are input to an isothermal EHL solution of hypoid gear teeth contacts. Realistic engine torque-speed characteristics are used. For these conditions, the load share per teeth pair contact is in the region of 500-6000N. Therefore, a suitable method of solution is the distributed line low relaxation effective influence Newton-Raphson method. This method was used for ball bearings by Jalali-Vahid et al [16] and for elliptical contacts with angled flow, but in both cases for moderate loads. The same model has been used in a hypoid gear application by Mohammadpour et al. [15] for film thickness investigations only. This was the first reported model for hypoid EHL film calculations using realistic conditions; angled flow and elliptical point contact assumption (considering side leakage). In the current work, the teeth flank friction is also calculated because of its expected influence on gear dynamics and noise. The numerical EHL tool developed can be coupled to a dynamic model of hypoid gear pairs to study their behaviour during high loading (which is often the case in axle whine conditions). Finally, some discussion on the potential interactions/coupling between EHL and dynamic models is presented.
METHODOLOGY
The method used is a two stage process, combining TCA and EHL analyses. The former determines the number of teeth pairs in contact at any instant of time, their principal radii of curvature at the point of contact, the elastostatic elliptical contact footprint, surface velocities and load share for any conjugate mating teeth pair. An example of the footprint shape obtained at this stage of analysis is illustrated in Figure 1 . These form the input to the elastohydrodynamic analysis. 
The speed of entraining motion of the lubricant U through the contact is considered to be constant at any instant of time. This is a transient effect, which often increases the load carrying capacity of the contact as noted by Gohar and Rahnejat [17] .
Page 3 of 11

Figure 2: Representation of an elliptical point contact conjunction with angled entrainment flow
The film thickness at any spatial location within the contact domain is given by:
where s(x,y) is the un-deformed parabolic conjunctional profile. The localized contact deflection   
where (x,y) represents a point where deflection of the semi-infinite elastic half-space of reduced elastic modulus r E is calculated due to any arbitrary pressure distribution   11 , p x y . To obtain a solution to the EHL problem, comprising equations (1) 
Where:
, as 1.96 MPa ln 9.67 5.1 10 ln 9.67
The lubricant density is given by [11] : 0.6 10 1 1 1.7 10
The Reynolds equation is discretised using finite differences in the same manner as described by Jalali-Vahid et al [16] . The solution for pressure at any nodal position (i, j) with a sufficient computation grid covering the entire solution domain is based on the low line relaxation effective influence Newton-Raphson method with Gauss-Seidel iterations. The iterative process comprises the following steps:
1-At each pinion angle, an initial guess is made for the central oil film thickness, using equation (2) . The data for contact geometry, load and speed of entraining motion required for this purpose are obtained through TCA. 2-Using the film thickness obtained in step 1, the computational grid domain can be obtained. It is a common approach to assume fully flooded inlet boundary condition in the numerical analysis of EHL problems. In order to ensure this, the following conditions should be met:
,0
This means that the inlet boundary should be set at a suitable distance from the leading edge of the elliptical contact footprint. 3-The pressure distribution and the corresponding lubricant film contour are obtained by simultaneous solution of equations (1)- (5) in an iterative manner, where two convergence criteria should be satisfied. 4-The first criterion seeks to compute nodal pressures within a specified limit: In the above process, the indices i, j refer to a computational grid position, k denotes the pressure convergence iteration counter and l , the load convergence iteration counter.
When both the convergence criteria are met, the pinion angle is advanced within the meshing cycle and the entire process is repeated. To observe the contact conditions for any pair of meshing teeth, the meshing cycle is sub-divided into 20 discrete steps of the pinion angle rotation.
The geometric, kinematic and load data required for the EHL analysis can be obtained from TCA analysis. A similar method to that reported in reference [15] has been utilized in this work. The specifications for the face-hobbed and lapped hypoid gear pair in this study are provided in table 1, as well as the mechanical properties of the contacting surfaces and rheological properties of the lubricant. The results of TCA are provided in Table 2 . 
RESULTS AND DISCUSSION
The current analysis investigates the contact conditions for a moderate to highly loaded hypoid gear pair of a light truck (table 2) . The results presented correspond to the interaction of a gear teeth pair though a meshing cycle, during which 1-3 teeth pairs carry the transmitted torque. The results correspond to an engine torque of 175 Nm at 1852.5 rpm. Table 2 lists the variation in the load share for a contacting teeth pair through mesh, as well as the effective radii of curvature of an equivalent ellipsoidal solid contacting a semiinfinite elastic half-space of reduced elastic modulus r E . It also lists the speed of entraining motion of the lubricant into the contact along the minor and major axes of the Hertzian elastostatic contact ellipse. These parameters constitute the input for the elastohydrodynamic analysis. Figures 3 and 4 show the pressure distribution and the corresponding oil film thickness contours at the pinion angles 0.864 rad (around the middle of a teeth pair mesh contact), almost corresponding to the instant of maximum contact load and at 1.335 rad (at the end of contact -moderate load conditions) (see also Table 2 ). The contour of minimum film thickness occurs at the exit constriction. Both cases show an asymmetrical oil film contour because of the angled lubricant flow into the contact with significant side leakage along the major axis of the elliptical footprint. Therefore, the island of minimum film thickness differs from the characteristic horse-shoe constriction when the flow is along the minor axis of the ellipse in EHL contacts of (for example) ball bearings. With a ten-fold increase in load, the film thickness is hardly altered, but the secondary pressure peak region is less pronounced and has moved further towards the exit constriction. Table 2 )
The maximum pressures reached are around 1.2GPa, even with loads in the order of 6KN. This is because the hypoid gear pair teeth geometry is partially conforming, promoting a larger contact area than for spur or helical gears. Thus, an assumed one dimensional solution would lead to prediction of much higher pressures than it is the case in reality. As already noted the film thickness is almost unaffected by large variation in contact load. For the case presented here the minimum film thickness remains around 0.9 1.1 m   , which is well in excess of the composite root mean square surface roughness of the contiguous bodies in contact. The isothermal solution here predicts no direct surface interactions, since the surface roughness of modern superfinished hypoid gear teeth is in the range 0.1 -0.3 [19 -22] . With lower speeds of entraining motion and similarly high loads encountered, worst tribological conditions are usually expected. The results described in this paper correspond to driving conditions that can often result in the axle whine phenomenon. Additionally, viscous shear of the lubricant generates heat, reducing its effective viscosity. In many cases this reduces the film thickness and can promote mixed regime of lubrication. Figure 5 shows the variation of predicted central and minimum film thickness, both being around 0.9m. The figure also shows the predicted values when employing Grubin"s equation [8] and those of Chittenden et al [23] . Whilst predictions using the oil film thickness formulae follow similar trends to the numerical predictions, they actually over-estimate the film thickness value. This is because the equations do not apply to the ranges of load and speed parameters that are typical of differential hypoid gears. Another reason is that fully flooded condition (well beyond the starvation boundary) is implicit in the reported equations. In fact, it is generally thought that in practice most gearing systems are rather starved. Figure 6 shows the friction coefficient variation during meshing cycle. This is calculated using equation (6) below. The predicted values of figure 6 represent the average at any instantaneous contact during gear pair meshing.
where (
A disadvantage is that the calculated shear stress is viscosity dependent and, consequently, it can be very high using the Newtonian fluid model. This is because of the non-Newtonian behavior of the fluid at high pressures. Most experimental investigations show that the shear stress cannot exceed a certain limit value [24] . This value is pressure dependent and it can be obtained using equation (8) . Therefore, when the shear stress exceeds this limiting value, equation (8) should be used instead of equation (7) . In this equation, the dimensionless constants and are equal to 2.3 MPa and 0.047, respectively. Gear impacting surfaces are treated as lubricated conjunctions rather than the usually reported dry impacting solids. Depending on load and speed of the lubricant"s entraining motion into the contact, the regime of lubrication alters. The latter is mainly under elastohydrodynamic conditions. The effect of lubrication is that the effective contact stiffness is the equivalent stiffness of the lubricant film and the elastic teeth members [6] . To calculate this, a film thickness calculation is needed at any instantaneous position during the meshing cycle. As already mentioned, the currently available extrapolated equations are not valid for the case of highly loaded hypoid gears. The presented numerical model is an alternative method, but it is very time consuming to be used directly in dynamic models. To resolve this, a new equation of film thickness should be extrapolated from numerical results. The second effect of the lubricant film is the friction torque generated in engaged gears. Similarly to the film equations, some empirical equations to calculate friction have been reported in literature. However, because of similar reasons, new equations should be extrapolated for this purpose.
SUMMARY/CONCLUSIONS
The dynamic behaviour of hypoid gears is mostly influenced by lubricated rather than dry contacts. The regime of lubrication is EHL and film thickness and friction have a major role in dynamic applications. These values can be obtained using analytical or extrapolated equations, but because of critical operating conditions, the equations that are valid for other applications with moderate loads cannot be used here. The presented numerical model is able to capture such critical conditions. However, simulations will become extremely time consuming if it is introduced in a gear pair dynamic model. To overcome this, a new extrapolated equation describing the film thickness-load relation should be produced based on the current numerical results of the EHL model. Similarly, a gear teeth friction equation should be extrapolated. These constitute future directions for the current research, as well as including thermal effects between the teeth flanks. 
DEFINITIONS/ABBREVIATIONS
